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Abstract
Our goal is the discussion of the problem of mathematical interpretation of basic postulates (or
‘principles’) of Quantum Mechanics: transitions to quantum stationary orbits, the wave-particle du-
ality, and the probabilistic interpretation, in the context of semiclassical self-consistent Maxwell–
Schro¨dinger equations. We discuss possible relations of these postulates to the theory of attractors of
Hamiltonian nonlinear PDEs relying on a new general mathematical conjecture on global attractors of
G-invariant nonlinear Hamiltonian partial differential equations with a Lie symmetry group G.
This conjecture is inspired by our results on global attractors of nonlinear Hamiltonian PDEs
obtained since 1990 for a list of model equations with three basic symmetry groups: the trivial group,
the group of translations, and the unitary group U(1). We present sketchy these results.
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1
1 Quantum postulates and Maxwell–Schro¨dinger equations
The present paper is inspired by the problem of a mathematical description of ‘quantum jumps’, i.e., of
transitions between quantum stationary orbits. We discuss the problem of mathematical description of
basic postulates of quantum theory:
A. Transitions between quantum stationary orbits (N. Bohr, 1913).
B. Wave-particle duality (L. de Broglie, 1923).
C. Probabilistic interpretation (M. Born, 1927).
The problem arose after the discovery of Schro¨dinger’s quantum mechanics, on the validity of these
postulates in new theory – this still remains an open problem. These and other questions have been
frequently addressed in the 1920s and 1930s in discussions of Bohr, Schro¨dinger, Einstein and others
[1]. However, a satisfactory solutions were not achieved, and a rigorous dynamical description of these
postulates is still unknown. This lack of theoretical clarity hinders the progress in the theory (e.g., in
superconductivity and in nuclear reactions), and in numerical simulation of many engineering processes
(e.g., of laser radiation and quantum amplifiers) since a computer can solve dynamical equations but
cannot take into account postulates.
We discuss possible relations of these postulates to the theory of attractors of Hamiltonian nonlinear
PDEs in the context of semiclassical self-consistent Maxwell–Schro¨dinger equations (MS).
We formulate a novel general mathematical conjecture (3.4) on global attractors of G-invariant nonlin-
ear Hamiltonian partial differential equations with a Lie symmetry group G. This conjecture is inspired by
a number of results on global attractors of nonlinear Hamiltonian PDEs obtained since 1990 for a list of
model equations with three basic symmetry groups: the trivial group, the group of translations, and the
unitary group U(1). We present sketchy these results. However, for the Maxwell–Schro¨dinger equations
the global attraction remains an open problem.
Note, the second-quantized MS system is the main subject of Quantum Electrodynamics [5]. Our
specific attention to the semiclassical MS equations is due to the fact that for this system there is an
extensive empirical material: on atomic spectra, electron diffraction, on crystals and their thermal and
electric conductivity, etc. Therefore, one can try to find possible mathematical description of these
phenomena in the framework of the MS system and try to prove it. So the MS system serves as a testing
ground for a development of the theory. The same questions are open in the Quantum Field Theory.
However, they obviously cannot be clarified until these questions are understood in a simpler context of
semiclassical theory.
The coupled Maxwell–Schro¨dinger equations in the Coulomb gauge divA(x, t) ≡ 0 read as (cf. [5, 15])

1
c2 A¨(x, t)=∆A(x, t) +
1
cP j(x, t), ∆A
0(x, t) = −ρ(x, t)
i~ψ˙(x, t)= 12m [−i~∇−
e
c
(A(x, t)+Aext(x, t))]
2ψ(x, t)+e(A0(x, t)+A0ext(x, t))ψ(x, t)
∣∣∣∣∣∣∣ x ∈ R
3, (1.1)
where Aext(x, t) and A
0
ext(x, t) are some external Maxwell potentials, e < 0 is the electron charge and c
is the speed of light in a vacuum. The coupling is defined by expressing the charge and current densities
in the wave function:
ρ(x, t) = e|ψ(x, t)|2, j(x, t) =
e
m
Re{ψ(x, t)[−i~∇−
e
c
(A(x, t) +Aext(x, t))]ψ(x, t)}. (1.2)
These densities satisfy the continuity identity ρ˙(x, t)+div j(x, t) ≡ 0. The system (1.1) is formally Hamil-
tonian, with the Hamiltonian functional (which is the energy up to a factor)
H(Π,A, ψ, t) =
1
2
[‖
1
c
Π‖2 + ‖rotA‖2] + (ψ,H(A, ψ, t)ψ), (1.3)
where ‖ · ‖ stands for the norm in the real Hilbert space L2(R3)⊗R3 and the brackets (·, ·) stand for the
inner product in L2(R3)⊗ C. Here the magnetic Schro¨dinger operator is defined by
H(A, ψ, t) :=
1
2m
[−i~∇−
e
c
(A(x) +Aext(x, t))]
2 + e(
1
2
A0(x) +A0ext(x, t)),
2
where A0(x) := (−∆)−1ρ with ρ(x) := e|ψ(x)|2. The system (1.1) can be written in the Hamiltonian
form as {
1
c2 A˙(t) = DΠH(Π(t),A(t), ψ(t), t),
1
c2 Π˙(t) = −DAH(Π(t),A(t), ψ(t), t)
i~ψ˙(t) = 12DψH(Π(t),A(t), ψ(t), t) = H(A(t), ψ(t), t)ψ(t),
∣∣∣∣∣ , (1.4)
taking into account that (ψ, eA0ψ) = (A0, ρ) = ((−∆)−1ρ, ρ), and hence, Dψ(ψ, eA
0ψ) = 4eA0ψ. There-
fore, the energy is conserved in the case of static external potentials
Aext(x, t) ≡ Aext(x), A
0
ext(x, t) ≡ A
0
ext(x). (1.5)
For instance, in the case of an atom, A0ext(x) is the nucleus Coulomb potential, while Aext(x) is the vector
potential of the nucleus magnetic field. The Hamiltonian (1.3) is invariant with respect to the action of
the group U(1),
(A(x),Π(x), ψ(x)) 7→ (A(x),Π(x), ψ(x)eiθ), θ ∈ (0, 2pi). (1.6)
Remark 1.1. The existence of global solutions to the Cauchy problems for systems (1.1) in the entire
space R3 without external potentials was proved in [13] for all finite energy initial states (1.3). The
uniqueness of solutions in the energy space was proved in [10].
Remark 1.2. The system (1.1) was introduced essentially by Schro¨dinger in his first articles [7], and it
underlies the entire theory of laser radiation [12].
2 Quantum jumps and attractors
In 1913, Bohr formulated two fundamental postulates of quantum theory of atoms:
I. An atom is always in one of quantum stationary orbits, and sometimes it jumps from one stationary
state to another: in the Dirac notation
|En〉 7→ |En′〉. (2.1)
II. The atom does not radiate in stationary orbits. Every jump is followed by a radiation of an electro-
magnetic wave with the frequency
ωnn′ =
En′ − En
~
= ωn′ − ωn, ωn := En/~, (2.2)
These postulates were inspired i) by stability of atoms and ii) by the Rydberg–Ritz Combination
Principle. With the discovery of the Schro¨dinger theory in 1926 the question arose about the validility of
these Bohr’s axioms in this new theory.
2.1 Schro¨dinger theory of stationary orbits
Besides the equation for the wave function, the Schro¨dinger theory contains quite nontrivial definition
of stationary orbits in the case when the Maxwell external potentials do not depend on time:
stationary orbits are solutions of the form
ψ(x, t) ≡ ψ(x)e−iωt, ω ∈ R. (2.3)
Substitution into the Schro¨dinger equation (2.5) leads to the famous eigenvalue problem.
From a formal analytical point of view, such a definition is traditional and rather natural, since then
|ψ(x, t)| does not depend on time. Most likely, this definition was suggested by the de Broglie wave
function ψ(x, t) = Cei(kx−ωt) for free particles, which factorises as Ceikxe−iωt. Namely, in the case of
bound particles it is natural to change the spatial factor Ceikx, since the spatial properties have changed
and ceased to be homogeneous. On the other hand, the homogeneous time factor e−iωt must be preserved,
since the external potentials are independent of time. However, these ‘algebraic’ arguments do not remove
the question on agreement of the Schro¨dinger definition with the Bohr postulate (2.1)!
Thus, a problem arises on a mathematical interpretation of the Bohr postulate (2.1) in the Schro¨dinger
theory. One of the simplest interpretation of the jump (2.1) is the asymptotics for each finite energy
solution
ψ(x, t) ∼ ψ±(x)e
−iω±t, t→ ±∞, (2.4)
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where ω− = ωn and ω+ = ωn′ . However, such asymptotics are obviously wrong due to the superpo-
sition principle for linear Schro¨dinger equation (2.5): for example, for solutions of the form ψ(x, t) ≡
ψ1(x)e
−iω1t + ψ2(x)e
−iω2t with ω1 6= ω2. It is exactly this contradiction which shows that the linear
Schro¨dinger equation alone cannot serve as a basis for the theory compatible with the Bohr postulates.
Our main conjecture is that these postulates are inherent properties of the nonlinear Maxwell–Schro¨dinger
equations (1.1). This conjecture is suggested by the following perturbative arguments.
2.2 Bohr’ postulates by perturbation theory
The remarkable success of the Schro¨dinger theory was the explanation of the Bohr’ postulates in the case
of static external potentials by perturbation theory applied to the coupled Maxwell–Scro¨dinger equations
(1.1). Namely, as a first approximation, the fields A(x, t) and A0(x, t) in the Schro¨dinger equation of the
system (1.1) can be neglected:
i~ψ˙(x, t) = Hψ(x, t) :=
1
2m
[−i~∇−
e
c
Aext(x)]
2ψ(x, t) + eA0ext(x)ψ(x, t), (2.5)
For ‘sufficiently good’ external potentials and initial conditions any finite energy solution can be expanded
in eigenfunctions
ψ(x, t) =
∑
n
Cnψn(x)e
−iωnt + ψc(x, t), ψc(x, t) =
∫
C(ω)e−iωtdω, (2.6)
where integration is performed over the continuous spectrum of the Schro¨dinger operator H, and for any
R > 0 ∫
|x|<R
|ψc(x, t)dx→ 0, t→ ±∞, (2.7)
see, for example, [9, Theorem 21.1]. The substitution of this expansion into the expression for currents
(1.2) gives the series
j(x, t) =
∑
nn′
jnn′(x)e
−iωnn′ t + c.c. + jc(x, t), (2.8)
where jc(x, t) has a continuous frequency spectrum. Thus, the currents on the right hand side of the
Maxwell equation from (1.1) contains, besides the continuous spectrum, only discrete frequencies ωnn′ .
Hence, the discrete spectrum of the corresponding Maxwell field also contains only these frequencies ωnn′ .
This jusitfies the Bohr rule (2.2) in the first order of perturbation theory, since this calculation ignores the
inverse effect of radiation onto the atom.
Moreover, these arguments also suggest to treat the jumps (2.1) as the single-frequency asymptotics
(2.4) for solutions to the Schro¨dinger equation coupled to the Maxwell equations.
Namely, the currents (2.8) on the right of the Maxwell equation from (1.1) produce the radiation
when non-zero frequencies ωnn′ are present. This is due to the fact that R \ 0 is a subset of absolutely
continuous spectrum of the Maxwell equations.
However, this radiation cannot last forever, since it irrevocably carries the energy to infinity while the
total energy is finite. Hence in the long-time limit only ωnn′ = 0 should survive, which means exactly the
single-frequency asymptotics (2.4) by (2.7).
Remark 2.1. Of course, these perturbation arguments cannot provide a rigorous justification of the
long-time asymptotics (2.4) for the coupled Maxwell–Schro¨dinger equations. In [49]–[54], we have justified
similar single-frequency asymptotics for a list of model U(1)-invariant nonlinear PDEs. Nevertheless, for
the coupled Maxwell–Schro¨dinger equation such justification is still an open problem.
2.3 Bohr’ postulates as global attraction
As a result, the Bohr postulates can be treated as the long-time asymptotics
(A(x, t), ψ(x, t)) ∼ (A±(x), e
−iω±tψ±(x)), t→ ±∞ (2.9)
for all finite-energy solutions to the Maxwell–Schro¨dinger equations (1.1). The asymptotics should hold
in H1-norms on every bounded region of R3.
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Remark 2.2. Experiments show that the time of transitions (2.1) is of order 10−8s, though the asymp-
totics (2.9) requires an infinite time. We suppose that this discrepancy can be explained by the fact that
i) 10−8s is the time of transition between very small neighborhoods of initial and final states, and
ii) during this time the atom emits an overwhelming part of the radiated energy.
Such asymptotics are still open problems for the Maxwell–Schro¨dinger system (1.1). On the other
hand, similar asymptotics are now proved for a list of model Hamiltonian nonlinear PDEs with symmetry
groups U(1). In next section we state a general conjecture which reduces to the asymptotics (2.9) in the
case of the Maxwell–Schro¨dinger system.
Definition 2.3. Stationary orbits of the Maxwell–Schro¨dinger nonlinear system (1.1) are finite energy
solutions of the form (A(x), e−iωtψ(x)).
Existence of stationary orbits for the system (1.1) in the whole space was proved in [14] under condi-
tions
Aext(x, t) ≡ 0, A
0
ext(x, t) = −
eZ
|x|
,
∫
|ψ±(x)|
2dx ≤ Z. (2.10)
The asymptotics (2.9) mean global attraction to the set of stationary orbits. We suggest similar
attraction for Maxwell–Dirac, Maxwell–Yang–Mills and other coupled equations. In other words, we
suggest to interpret quantum stationary states as the points and trajectories lying on the global attractor
of the corresponding quantum dynamical equations.
2.4 The Einstein–Ehrenfest paradox
An instant orientation of atomic magnetic moment during ∼ 10−4s when turning on the magnetic field
in the Stern–Gerlach experiments caused a discussion in the ‘Old Quantum Mechanics’, because classical
model gave relaxation time ∼ 109s taking into account the moment of inertia of the atom [3]. In the
linear Schro¨dinger’s theory, this phenomenon also did not find a satisfactory explanation.
However, this instantaneous orientation is exactly in line with asymptotics (2.9) for solutions to
the coupled Maxwell–Schro¨dinger system. Namely, in the absence of the magnetic field, the ground
states (with a fixed charge) form a two-dimensional manifold. When the magnetic field is turned on,
the structure of the attractor (i.e. the set of corresponding stationary orbits (A, ψ)) instantly changes:
the two-dimensional manifold bifurcates in two one-dimensional manifods with a certain spin value. This
bifurcation is not related to any moment of inertia and corresponds to the ‘alternative A’ in the terminology
of Einstein–Ehrenfest [3]: "... atoms can never fall into the state in which they are quantised not fully".
2.5 Attractors of dissipative and Hamiltonian PDEs
Such interpretation of the Bohr transitions as a global attraction is rather natural. On the other hand, the
existing theory of attractors of dissipative systems [31]–[34] does not help in this case since all fundamental
equations of quantum theory are Hamiltonian. The global attraction for dissipative systems is caused by
energy dissipation. However, such a dissipation in the Hamiltonian systems is absent.
This is why we have developed in the 1990–2019s together with our collaborators a novel theory of
global attractors for Hamiltonian PDEs, especially for application to the problems of Quantum Theory.
Our results [36]–[47] for the Hamiltonian equations rely on energy radiation, which irrevocably carries the
energy to infinity and plays the role of energy dissipation. A brief survey of these results can be found in
Section 4, and the detailed survey – in [54].
The results obtained so far indicate an explicit correspondence between the type of long-time asymp-
totics of finite energy solutions and the symmetry group of the equation. We formalize this correspondence
in our general conjecture (3.4).
3 Conjecture on attractors of G-invariant equations
Let us consider G-invariant Hamiltonian autonomous nonlinear PDEs in Rn of type
Ψ˙(t) = F (Ψ(t)), t ∈ R, (3.1)
5
with a Lie symmetry group G acting on suitable Hilbert phase space E . The Hamiltonian structure means
that
F (Ψ) = JDH(Ψ), J∗ = −J. (3.2)
The G-invariance means that
F (gΨ) = gF (Ψ), Ψ ∈ E (3.3)
for all transformations g ∈ G (more precisely, g belong to a representation of the Lie group G). In this
case, for any solution Ψ(t) to equations (3.1) the trajectory gΨ(t) is also a solution.
Let us note that the theory of elementary particles deals systematically with the symmetry groups
SU(2), SU(3), SU(5), SO(10) and other, and G := SU(4) × SU(2) × SU(2) is the symmetry group of
Grand Unification, see [29].
Conjecture A. (On attractors) For ‘generic’ G-invariant autonomous equations (3.1) any finite energy
solution Ψ(t) admits a long-time asymptotics
Ψ(t) ∼ egˆ±tΨ±, t→ ±∞, (3.4)
where the generators gˆ± belong to the corresponding Lie algebra g (more precisely, gˆ± belong to a repre-
sentation of g), and the asymptotics holds in some local seminorms.
In other words, all G-orbits form a global attractor for ‘generic’ G-invariant Hamiltonian nonlinear
PDEs of type (3.1). This conjecture is confirmed by rigorous results [36]–[54] obtained since 1990 for a
list of model equations of type (3.1) with three basic symmetry groups: the trivial group, the group of
translations, and the unitary group U(1). We give a brief survey of these results in Section 4.
For the case of Maxwell–Schro¨dinger system (1.1) with the symmetry group U(1), the conjecture (3.4)
reduces to the asymptotics (2.9).
Conjecture (3.4) suggests to define ‘stationary G-orbits’ for equations (3.1) as solutions of the type
Ψ(t) = egˆtΨ, t ∈ R, (3.5)
where gˆ belongs to the corresponding Lie algebra g (more precisely, gˆ belong to a representation of the
Lie algebra g). This definition leads to the corresponding ‘g-eigenvalue problem’
gˆΨ = F (Ψ). (3.6)
In particular, for the linear Schro¨dinger equation with the symmetry group U(1), stationary orbits are
solutions of the form eiωtψ(x), where ω ∈ R is an eigenvalue of the Schro¨dinger operator, and ψ(x) is the
corresponding eigenfunction. However, the conjecture (3.4) fails for linear equations, i.e., linear equations
are exceptional, not ‘generic’ ! In the case of the symmetry group G = SU(3), the generator (‘eigenvalue’)
gˆ is 3× 3 -matrix, and solutions (3.5) are quasiperiodic in time.
Empirical evidence. Conjecture (3.4) agrees with the Gell-Mann–Ne’eman theory of baryons [27,
28]. Namely, in 1961 Gell-Mann and Ne’eman suggested the symmetry group SU(3) and other ones
for the strong interaction of baryons relying on the discovered parallelism between empirical data for the
baryons, and the “Dynkin scheme” of Lie algebra g = su(3) with 8 generators (the famous ‘eightfold way’).
This theory resulted in the scheme of quarks and in the development of the quantum chromodynamics
[29], and in the prediction of a new baryon with prescribed values of its mass and decay products.
This particle, the Ω−-hyperon, was promptly discovered experimentally [30]. The elementary particles
seem to describe long-time asymptotics of quantum fields. Hence, the empirical correspondence between
elementary particles and generators of the Lie algebras presumably gives an evidence in favour of our
general conjecture (3.4) for equations with Lie symmetry groups.
4 Results on global attractors for nonlinear Hamiltonian PDEs
Here we sketchy present rigorous results [36] - [47] obtained since 1990 and confirming the general conjec-
ture (3.4). We give only a brief listing of the results, see the details in [54]. The results obtained confirm
the existence of finite-dimensional attractors in the Hilbert phase space, and demonstrate an explicit
correspondence between the long-time asymptotics and the symmetry group G of equations.
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The results were obtained so far for model equations with the following four basic groups of symmetry:
the trivial symmetry group G = {e}, the translation group G = Rn for translation-invariant equations,
the unitary group G = U(1) for phase-invariant equations, and the orthogonal group SO(3) for ‘isotropic’
equations.
I. Equations with trivial symmetry group G = {e}. For such generic equations the conjecture A
means the global attraction to stationary states (see Fig. 1)
ψ(x, t)→ S±(x), t→ ±∞. (4.1)
Such attraction was proved for a variety of model equations in [35]–[55]: i) for a string coupled to
nonlinear oscillators, ii) for a three-dimensional wave equation coupled to a charged particle and for the
Maxwell–Lorentz equations, and also iii) for wave equation, and Dirac and Klein–Gordon equations with
concentrated nonlinearities.
 
t= +
   
t =
ψ(0)
ψ )(t
8
+S
S
8
Figure 1: Convergence to stationary states.
Here S±(x) are some stationary states depending on the considered trajectory ψ(x, t), and the convergence
holds in local seminorms of type L2(|x| < R) for any R > 0. The convergence (4.1) in global norms (i.e.,
corresponding to R =∞) cannot hold due to energy conservation.
Example 4.1. Nonlinear Huygens Principle. Consider solutions to 3D wave equation with a unit
propagation velocity and initial data with support in a ball |x| < R. The corresponding solution is
concentrated in spherical layers |t| − R < |x| < |t|+ R. Therefore, the solution converges everywhere to
zero as t→ ±∞, although its energy remains constant. This convergence to zero is known as the strong
Huygens principle. Thus, attraction to stationary states (4.1) is a generalization of this Huygens principle
to nonlinear equations. The difference is that for a linear wave equation the limit behind the wave front
is always zero, while for nonlinear equations the limit can be any stationary solution.
Remark 4.2. The proofs in [38] and [39] rely on the relaxation of the acceleration
q¨(t)→ 0, t→ ±∞. (4.2)
Such relaxation has been known for a long time in classical electrodynamics as ‘radiation damping’, but
was first proved in [38] and [39] for charged relativistic particle in a scalar field and in the Maxwell field
under the Wiener Condition on the particle charge density. This condition is an analogue of the ‘Fermi
Golden Rule’, first introduced by Sigal in the context of nonlinear wave- and Schro¨dinger equations [40].
The proof of the relaxation (4.2) relies on a novel application of the Wiener Tauberian theorem.
4.1 Group of translations G = Rn
For generic translation-invariant equations the conjecture A means the global attraction to solitons
ψ(x, t) ∼ ψ±(x− v±t), t→ ±∞, (4.3)
7
where the convergence holds in local seminorms in the comoving frame of reference, that is, in L2(|x −
v±t| < R) for any R > 0.
Such soliton asymptotics was proved first for integrable equations (Korteweg–de Vries equation (KdV),
etc), see [41, 46]. Moreover, for the Korteweg–de Vries equation more accurate soliton asymptotics in
global norms with several solitons were first discovered by Kruskal and Zabuzhsky in 1965 by numerical
simulation: it is the decay to solitons
ψ(x, t) ∼
∑
k
ψ±(x− v
k
±t) + w±(x, t), t→ ±∞, (4.4)
where w± are some dispersion waves. A trivial example is provided by the d’Alembert equation ψ¨(x, t) =
ψ′′(x, t), for which any solution reads ψ(x, t) = f(x− t) + g(x+ t).
Later on, such asymptotics were proved by the method of inverse scattering problem for nonlinear
integrable Hamiltonian translation-invariant equations (KdV, etc.) in the works of Ablowitz, Segur,
Eckhaus, van Harten and others [41, 46].
For non-integrable equations the global attraction (4.3) was established for the first time in [42]–[44]
for three-dimensional wave equation coupled to a charged particle and for the Maxwell–Lorentz equations.
Remark 4.3. The results [42]–[44] gave the first rigorous proof of ‘radiation damping’ in classical elec-
trodynamics, which has been an open problem for about 100 years. The proofs in [42] and [43] rely on
variational properties of solitons and their orbital stability, as well as on the relaxation of the acceleration
(4.2) under the Wiener condition on the particle charge density.
The multi-soliton asymptotics (4.4) for non-integrable equations were observed numerically in [45] for
1D relativistically-invariant nonlinear wave equations.
4.2 Unitary symmetry group G = U(1)
For generic U(1)-invariant equations the conjecture A means the global attraction to ‘stationary orbits’
ψ(x, t) ∼ ψ±(x)e
−iω±t, t→ ±∞ (4.5)
(see Fig. 2). Such asymptotics were proved in [48]–[53] for the Klein–Gordon and Dirac equations coupled
to U(1)-invariant nonlinear oscillators, and in [47], for discrete in space and time difference approximations
of such coupled systems, i.e., for the corresponding difference schemes. This global attraction was proved
under assumption that the equations are “strictly nonlinear”. For linear equations the attraction obviously
fails if the discrete spectrum consist at least of two points.
The proofs in all papers [47]–[53] rely on a novel application of the Titchmarsh Convolution Theorem
and new theory of multiplicators in the space of quasimeasures.
4.3 Orthogonal group G = SO(3)
In this case (3.4) means the long-timeasymptotics
Ψ(t) ∼ e−iΩ±tΨ±, t→ ±∞, (4.6)
where Ω± ∈ so(3) are real skew-symmetric 3 × 3 matrices. This means global attraction to ‘stationary
SO(3)-orbits’. Such asymptotics are proved in [56] for the Maxwell–Lorentz equations with rotating
particle.
Remark 4.4. Let us comment on the term generic in the results of the previous section and in Conjecture
(3.4).
i) This conjecture means that the asymptotics (3.4) hold for all solutions for an open dense set of G-
invariant equations. For example, asymptotics (4.1), (4.3), (4.5) hold under appropriate conditions, which
define some “open dense set” of G-invariant equations with three types of the symmetry group G: either
under the Wiener condition or under the strict nonlinearity condition, etc. The asymptotics may break
down if these conditions fail— this corresponds to some ‘exceptional equations’: for example, asymptotics
(4.5) break down for the linear Schro¨dinger equations with at least two different eigenvalues.
ii) General situation is the following. Let a Lie group G1 is a (proper) subgroup of some larger Lie group
G2. So, the G2-invariant equations form an ‘exceptional subset’ among all G1-invariant equations, and
the corresponding asymptotics (3.4) may be completely different. For example, the trivial group {e} is a
subgroup in U(1) and in Rn, and asymptotics (4.3) and (4.5) may differ significantly from (4.1).
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Figure 2: Convergence to stationary orbits.
5 Wave-particle duality
In his PhD of 1923, de Broglie suggested to identify the beam of particles with a harmonic wave:
beam of free particles with momentum k and energy E is described
with the wave function ψ(x, t) = Cei(kx−ωt), where k = p/~, ω = E/~
∣∣∣∣ . (5.1)
This identification was suggested by L. de Broglie for relativistic particles as a counterpart to the Einstein
corpuscular treatment of light as a beam of photons. The corresponding nonrelativistic version of this
duality was the key source for the Schro¨dinger Quantum Mechanics.
In this section we discuss possible treatment of this nonrelativistic wave-particle duality by semiclas-
sical Maxwell–Schro¨dinger equations in the following phenomena: i) reduction of wave packets, ii) the
diffraction of electrons, iii) acceleration of electrons in the electron gun.
5.1 Reduction of wave packets
We suggest an appearance of the wave-particle duality relying on a generalization of the conjecture (3.4)
for the case of translation-invariant Maxwell–Schro¨dinger system (1.1) without external potentials, i.e.,
Aext(x, t) ≡ 0, A
0
ext(x, t) ≡ 0. In this case, the Schro¨dinger equation of (1.1) becomes
i~ψ˙(x, t) =
1
2m
[−i~∇−
e
c
A(x, t)]2ψ(x, t)+eA0(x, t)ψ(x, t), x ∈ R3. (5.2)
Now the symmetry group of the system (1.1) is G = R3 × U(1), and our general conjecture (3.4) should
be strengthened similarly to (4.4) as the long-time asymptotics
A(x, t)∼
∑
k
Ak±(x−v
k
±t) +A±(x, t), ψ(x, t)∼
∑
k
ψk±(x−v
k
±t)e
iΦk
±
(x,t)+ψ±(x, t) (5.3)
as t → ±∞ for each finite energy solution, where A±(x, t) and ψ±(x, t) stand for the corresponding
dispersion waves. These asymptotics suggest to treat the solitons as electrons and provisionally correspond
to the reduction (or collapse) of wave packets.
5.2 Diffraction of electrons
The most striking and direct manifestation of particle-wave duality is given by diffraction of electrons
observed by C. Davisson and L. Germer in their experiments of 1924–1927s. In these first experiments,
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the electron beam was scattered by the nickel crystal and the reflected beam was fixed on a film. The
resulting images are similar to X-ray scattering patterns (lauegrams), first obtained in 1912 by the method
of Laue. Later on, such experiments were also carried out with transmitted electron beams scattered by
thin gold and platinum crystalline films (G.P. Thomson, the 1937 Nobel Prize). Only recently R. Bach
with collaborators carried out for the first time the two-slit diffraction of electrons [20].
Traditional description of these experiments relies on the following scheme:
I. The incident beam of electrons emitted by an electron gun is described by the plane wave
ψin(x, t) = Cei(kx−ωt) (5.4)
satisfying the free Schro¨dinger equation, and with the wave number k and frequency ω given by the de
Broglie relations (5.1).
II. The diffraction of the plane wave in reflection by a crystal or in scattering by an aperture in the
scattering screen.
III. The observation of the diffraction amplitude on the screen of registration.
We show in Section 5.4 below that the identification of the incident electron beam with the plane wave
(5.4) in the step I agrees with the quasiclassical asymptotics for the linear Schro¨dinger equation.
Further, the diffraction in the step II is described traditionally by the linear Schro¨dinger equation, see
[22]–[26]. According to the principle of limiting amplitude, the diffracted wave admits the asymptotics
ψd(x, t) ∼ a∞(x)e
−iωt, t→∞, (5.5)
where ω is the frequency of the incident wave (5.4). We calculated the diffraction amplitudes a∞(x) in
the case of diffraction by the screen using the Kirchhoff approximation (formulas (2.7.15) and (2.7.16)
of [21]). In particular, for the two-slit diffraction the corresponding amplitude [21, (2.7.20)] is in a fine
quantitative agreement with the results of recent diffraction experiments [20]. Namely, the maxima of
|a∞(x)| on the screen agree very well with that of the diffraction pattern in experiments [20].
Finally, the observation of the diffraction pattern in the step III is genuinely nonlinear effect of the
reduction of wave packets which corresponds to the soliton asymptotics (5.3) for solutions of the coupled
nonlinear Maxwell–Schro¨dinger equations.
5.3 Principle of superposition in the zero order approximation
The treatment of the diffraction of electrons in previous section is not self-consistent: the treatment of
the steps I and II relies on the linear Schro¨dinger equation, while the treatment of the step III relies
essentially on the nonlinear Maxwell–Schro¨dinger equations.
Exactly this principle of superposition in the linear treatment of the step II is the traditional argument
to claim the quantum mechanics absolutely linear! On the other hand, the registration of the diffraction
amplitude in the step III cannot be described by the linear Schro¨dinger equation.
We suggest the following argument reconciling this formal contradiction: in the space between the
scattering plane and the plane of observation the Schro¨dinger equation is linear in the zero order approxi-
mation since the external fields vanish there. On the other hand, taking into account the exact nonlinear
Maxwell–Schro¨dinger equations, we expect the final reduction to solitons.
5.4 Quasiclassical asymptotics for electron gun
Here we justify the identification (5.4) for electrons accelerated by an electrostatic field of electron gun in
the following sense.
The hot cathode emits electrons of small energy and afterwords the electrons are accelerated in an
external electrostatic field E(x) = −∇Φ(x) in the region Ω1 between the cathode and anode. The
electrons cross the region Ω1 and afterwords they pass through an aperture in the anode into the region
Ω2 behind the anode, where the external field E(x) vanishes. In this region, the electrons interfere forming
a diffraction pattern.
We will show that the diffraction amplitude coincides with the one corresponding to the free Schro¨dinger
equation in the region Ω2 with the incident wave (5.4) at the points of the aperture, where the corre-
sponding wave vector k and frequency ω are given by de Broglie’s formulas (5.1). In this case, E and p
denote the kinetic energy and momentum of classical electron at the points of the aperture.
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Namely, the electron wave function in Ω1∪Ω2 is a solution to the corresponding Schro¨dinger equation
i~ψ˙(x, t) = −
~
2
2m
∆ψ(x, t) + eΦ(x)ψ(x, t), x ∈ Ω1 ∪ Ω2, (5.6)
where Φ(x) is the external electrostatic potential vanishing on the cathode. This potential is constant in
Ω2, where the electrostatic field vanishes, so the equation (5.6) behind the anode reads
i~ψ˙(x, t) = −
~
2
2m
∆ψ(x, t) + eΦ∗ψ(x, t), x ∈ Ω2, (5.7)
where Φ∗ is the value of the potential Φ(x) at the points of the aperture. Further, we suppose that the
solution admits the quasi-classical asymptotics
ψ(x, t) ∼ a(x, t)ei
S(x,t)
~ , ~→ 0, (5.8)
where a(x, t) and S(x, t) are slowly varying fuctions. Substituting into (5.6), we obtain in the limit ~→ 0
the corresponding Hamilton–Jacobi equation for the phase function
− ∂tS(x, t) =
1
2m
[∇S(x, t)]2 + eΦ(x), x ∈ Ω1. (5.9)
The solution is given by the action integral over classical trajectories (see [8, p. 256] and [4, (13.15)]).
The trajectories satisfy the Hamiltonian equations
x˙(t) = p(t)/m, p˙(t) = −e∇Φ(x(t)), (5.10)
which correspond to the Hamiltonian function
H(x, p) =
1
2m
p2 + eΦ(x). (5.11)
In particular, let us consider trajectories of emitted classical electron starting at time t0 from all points
x(t0) of the cathode with a momentum p(t0) and passing trough the aperture at the time t∗ = t0 + T .
These electrons follow continuously with different times t0. The initial data at time t0 are related by
p(t0) = ∇S(x(t0)) for all possible initial points x(t0). Hence for all trajectories,
∇S(x(t), t) = p(t). (5.12)
The initial kinetic energy of the emitted electrons are small, so we can assume that
H(x(t0), p(t0)) = 0. (5.13)
Let us denote x∗ := x(t∗) and p∗ := p(t∗). By the energy conservation, we also have H(x∗, p∗) = 0, and
hence,
1
2m
p2∗ = −eΦ∗, ∂tS(x∗, t∗) = 0, (5.14)
where the last identity follows from the Hamilton–Jacobi equation (5.9) with x = x∗ and t = t∗. Now the
Taylor expansion gives
S(x, t) ≈ S(x∗, t∗) + p∗(x− x∗), |x− x∗|+ |t− t∗| ≪ 1. (5.15)
since ∂tS(x∗, t∗) = 0 by (5.14) and
∇S(x∗, t∗) = p∗ (5.16)
by (5.12). Therefore, at the points of the aperture the wave function reads
ψ(x, t) = a(x∗, t∗)e
iS(x∗,t∗)/~eip∗(x−x∗)/~ ≈ Ceip∗x/~, (5.17)
since a(x∗, t∗) and S(x∗, t∗) are slowly varying functions.
Finally, the electrostatic potential Φ∗ in the Schro¨dinger equation (5.7) behind the screen can be
eliminated by the gauge transformation
ψ(x, t) 7→ ψ∗(x, t) := ψ(x, t)e
ieΦ∗t/~. (5.18)
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Namely, the transformed function ψ∗(x, t) behind the screen satisfies the free Schro¨dinger equation
i~ψ˙∗(x, t) = −
~
2
2m
∆ψ∗(x, t), x ∈ Ω2. (5.19)
The key observation is the asymptotics at the points of the small aperture
ψ∗(x, t) := ψ(x, t)e
ieΦ∗t/~ ≈ Ceip∗x/~eieΦ∗t/~ = Cei(p∗x−E∗t)/~ (5.20)
which follows from (5.18) and (5.17). Here
E∗ = −eΦ∗ (5.21)
is the energy of the classical electron at the aperture, and p∗ is its momentum. This justifies the asymp-
totics of type (5.4) for ψ(x, t) at the points of the aperture with
k = p∗/~, ω = E∗/~ (5.22)
which is exactly the de Broglie relations (5.1). Finally, the diffraction pattern corresponding to the charge
densities e|ψ(x, t)|2 and e|ψ∗(x, t)|
2 behind the aperture coincide by (5.18).
Remark 5.1. Note that the relations (5.21) , (5.22) together with the first equation of (5.14) imply that
~ω =
~
2k2
2m
, (5.23)
that is the incident wave (5.4) satisfies the free Schro¨dinger equation.
6 Probabilistic interpretation
In 1927, M. Born suggested the Born rule which is probabilistic interpretation of the wave function:
The probability of detecting an electron at a point x at time t
is proportional to |ψ(x, t)|2.
∣∣∣∣ (6.1)
6.1 Diffraction of electrons as reduction of wave packets
Born proposed the probabilistic interpretation to describe the diffraction experiments of C. Davisson and
L. Germer of 1924–1927s. Namely, the diffraction pattern perfectly agrees with the linear Schro¨dinger
equation as was explained in Chapter 17 of [21]. However, the problem was to explain why this solution
to the Schro¨dinger equation is registered by the photo-emulsion, since the registration was considered as
the result of absorption of electrons by an atom of the photo-emulsion. Just for this purpose M. Born
identified the density |ψ(x, t)|2 with the probability of the electron registration.
The electron near the photo-emulsion is free since the external fields vanish. Its momentum is known
from accelerating potential. Hence, its position is completely unknown according to the Heisenberg
Uncertainty Principle. This is why the act of the registration of the electron is called the reduction of
wave packets.
6.2 Discrete registration of electrons
In 1948, this probabilistic interpretation received new content and confirmation after the experiments of
L. Biberman, N. Sushkin and V. Fabrikant [16] with very low electron beam intensity. Later, similar
experiments were carried out by R. Chambers, A. Tonomura, S. Frabboni, R. Bach and others [17, 18,
19, 20]. In these experiments, the diffraction pattern is created as an average in time of random discrete
registration of individual electrons.
We suggest below two possible treatments of the probability interpretation in the framework of the cou-
pled Maxwell–Schro¨dinger equations (1.1). These treatments rely respectively on the random interaction
with the counters, and on the soliton conjecture (5.3). However, the corresponding rigorous justification
is still an open problem.
I. Interaction with counters. One possibility to explain the discrete registration is a random triggering
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Figure 3: Diffraction by double-slit.
either a) of registration counters located at the screen points, or b) of atoms of the photo emulsion. We
suppose that the probability of triggering is proportional to the current, which for large times is given by
j(x, t) =
e
m
Re{ψ(x, t)[−i~∇ψ(x, t)]} ≈
e
m
Re{a∞(x, t)[−i~∇a∞(x, t)]}, t→∞, (6.2)
according to (1.2) and (5.5). Let us note that we set Aext(x, t) = 0 in the formula (1.2) since there is no
external fields between the scatterer screen and the screen of observation. The term with A(x, t) in (1.2)
is also neglected in the first approximation.
For bounded apertures the limiting amplitude a∞(x, t) near the diffraction screen is given by formula
a∞(x) ∼ −
ikain(1 + cosχ)e
ik|x|
(4pi)2|x|
∫
Q
e−ik(ξ1y1+ξ2y2)dy, |x| → ∞ (6.3)
similar to formula (28) of [2, Section 8.3.3] which describes the Fraunhofer diffraction. Here (ξ1, ξ2, ξ3) :=
x/|x| and cosχ = ξ3 > 0; Q is the aperture in the scattering plane x3 = 0 and the diffraction screen lies
in the plane x3 = const≫ 1. This formula implies that for bounded |(x1, x2)| ≤ C the limiting amplitude
admits the following asymptotic representation,
a∞(x) ∼
b(ξ1, ξ2)
|x|
eikx3 , x3 →∞. (6.4)
Here the amplitude b(ξ1, ξ2) is a slowly varying function of transversal variables (x1, x2), so asymptotically
∇a∞(x) ∼ ika∞(x)(0, 0, 1) for |(x1, x2)| ≤ C and x3 →∞. (6.5)
Hence, (6.2) gives
j(x, t) ≈
e~|k|
m
|a∞(x)|
2, t→∞. (6.6)
Let us suppose that the time-averaged diffraction pattern should have maxima at the screen points with
maximal electric current. Now the formula (6.6) implies that these points coincide with the screen points
with maximal amplitude |a∞(x)| by (6.2) which justifies the Born rule.
II. Reduction of wave packets. Another possibility to explain the discrete registration is the soliton-
asymptotics (5.3) for translation-invariant Maxwell–Schro¨dinger system (1.1). Respectively, the decay
(5.3) should hold between the scatterer screen and the screen of observation, where the external fields
vanish, and hence, the system (1.1) is translation-invariant, see Fig. 3. Such a decay into solitons should
be considered as a random process, as it is subject to microscopic fluctuations.
An averaged registration rate of electrons at a point of the screen should be proportional to the current
(6.2) if the contribution of the dispersion waves ψ± is negligible. This follows from the charge conservation
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law. Now the formula (6.6) implies that the rate of registration of the electrons is proportional to |a∞(x)|
2
which is the Born rule confirmed by the experiments [16]–[20].
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